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An influence of a magnetic field on beta-processes is investigated under conditions of a core-
collapse supernova. For realistic magnetic fields reachable in astrophysical objects we obtain simple
analytical expressions for reaction rates of beta-processes as well as the energy and momentum
transferred from neutrinos and antineutrinos to the matter. Based on the results of one-dimensional
simulations of a supernova explosion, we found that, in the magnetic field with the strength 𝐵 ∼
1015 G, the quantities considered are modified by several percents only and, as a consequence, the
magnetic-field effects can be safely neglected, considering neutrino interaction and propagation in a
supernova matter. The analytical results can be also applied for accretion discs formed at a merger
of compact objects in close binary systems.
I. INTRODUCTION
Core-collapse supernova (SN) is the final stage of a
star evolution with a mass 𝑀star & 10𝑀⊙. For the first
time, an importance of neutrinos for the SN was recog-
nized by Colgate and White [1] and Arnett [2]. A recent
era of a study of neutrino effects in collapsing stars has
begun after the foundation of the unified electroweak the-
ory of fundamental interactions — the Weinberg-Salam-
Glashow model [3]. Neutrinos play a significant and
sometimes even dominant role in all phases of the SN
explosion. The 𝛽-processes, also called direct URCA-
processes:
𝑝+ 𝑒− → 𝑛+ 𝜈𝑒 , (1)
𝑛+ 𝜈𝑒 → 𝑝+ 𝑒− , (2)
𝑛+ 𝑒+ → 𝑝+ 𝜈𝑒 , (3)
𝑝+ 𝜈𝑒 → 𝑛+ 𝑒+ , (4)
are the dominant neutrino processes in a SN matter [4].
They provide an energy exchange between neutrinos and
the matter and change a chemical composition of a mat-
ter. Note an absence of the 𝛽-decay, 𝑛 → 𝑝 + 𝑒− + 𝜈𝑒,
because it is kinematically suppressed in the SN matter.
An origin of a magnetic field with a strength up to
1015 G, extracted from observables from magnetars [5]
and other classes of isolated neutron stars [6], is one
of the hot topics of modern astrophysics. Several more
or less successful models have been proposed to explain
its appearance. As shown in Refs. [7–9], the magnetic
field strength in the iron core at the pre-supernova stage
is 𝐵 ∼ (109 − 1010) G that yields the magnetic field
strength of order of 𝐵 ∼ (1012 − 1013) G after the col-
lapse. An additional amplification of this primary mag-
netic field can occur at the SN explosion. Generally, this
amplification is caused by a fast rotation of a supernova
core [10] that leads to a growth of the magnetic field up to
𝐵 ∼ (1014 − 1015) G and a magnetorotational supernova
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explosion (see, e.g. Ref. [11–13]). However, a generation
of such a strong magnetic field is also possible without
the fast rotation of the supernova core [14].
The magnetic field can influence not only SN dynamics,
but modify also neutrino processes which are allowed in a
supernova matter. Early studies of the 𝛽-processes [15–
17], although contained several simplifications, show that
modifications of these processes can be significant. Later
on, this was applied to various astrophysical objects. In
particular, for the core-collapse supernova, a magnetic
field influence on 𝛽-processes was studied in Refs. [18–
28]. In most studies, there were either numerical analy-
ses or analytical calculations with simplified assumptions,
for example, about a strength of the magnetic field. In
the present paper we remove restrictions on the magnetic
field strength and consider any magnetic field strength
discussed in applications in astrophysical objects.
This paper is organized as follows. Simple analyti-
cal expressions for reaction rates of beta-processes (1)–
(4), from which local number densities of nucleons (or
a chemical composition of a matter) can be determined,
heating rates by neutrinos and antineutrinos as well as
momenta transferred from neutrinos and antineutrinos to
the matter in dependence on the magnetic field strength
are collected in Sec. II. In Sec. III, we present numerical
analysis of macroscopic quantities mentioned above un-
der conditions of the core-collapse supernova with mag-
netic field strengths up to 𝐵 ∼ 1016 G, reachable in
strongly magnetized supernovae. These quantities de-
pend on a vast amount of matter and neutrino param-
eters, many of which can be fixed by using the results
of the 1D PROMETHEUS-VERTEX simulations [29]1.
This allows us to study the magnetic field influence on
reaction rates, heating rates and momenta transferred to
the matter. Note that these quantities are local and in
the core-collapse supernova model considered, they de-
pend on the distance from the proto-neutron star center
and evolve in time. The corresponding dependences are
worked out numerically. We conclude in Sec. IV. Proper-
ties of two basic functions entering analytical expressions
1 https://wwwmpa.mpa-garching.mpg.de/ccsnarchive/archive.html
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2are presented in Appendix.
II. ANALYTICAL RESULTS
Macroscopic effects of neutrinos and antineutrinos on a
supernova matter are described by a reaction rate 𝛤 (the
number of processes occurring in a unit volume per unit
time) as well as the energy and momentum 𝒫𝜇 trans-
ferred from neutrinos or antineutrinos to a unit volume
of the medium per unit time. These quantities for 𝛽-
processes (1)-(4) can be expressed in terms of neutrino
𝒦𝜈 and antineutrino ?¯?𝜈 medium emissivities [28]:
𝛤 (1) =
∫︁ [︀
1− 𝑓𝜈
]︀𝒦𝜈 𝑑3𝑞
(2𝜋)3
,
𝒫(1)𝜇 = −
∫︁
𝑞𝜇
[︀
1− 𝑓𝜈
]︀𝒦𝜈 𝑑3𝑞
(2𝜋)3
,
(5)
𝛤 (2) =
∫︁
𝑒(𝜔−𝛿𝜇)/𝑇 𝑓𝜈 𝒦𝜈 𝑑
3𝑞
(2𝜋)3
,
𝒫(2)𝜇 =
∫︁
𝑞𝜇 𝑒(𝜔−𝛿𝜇)/𝑇 𝑓𝜈 𝒦𝜈 𝑑
3𝑞
(2𝜋)3
,
(6)
𝛤 (3) =
∫︁ [︀
1− 𝑓𝜈
]︀ ?¯?𝜈 𝑑3𝑞
(2𝜋)3
,
𝒫(3)𝜇 = −
∫︁
𝑞𝜇
[︀
1− 𝑓𝜈
]︀ ?¯?𝜈 𝑑3𝑞
(2𝜋)3
,
(7)
𝛤 (4) =
∫︁
𝑒(?¯?+𝛿𝜇)/𝑇 𝑓𝜈 ?¯?𝜈 𝑑
3𝑞
(2𝜋)3
,
𝒫(4)𝜇 =
∫︁
𝑞𝜇 𝑒(?¯?+𝛿𝜇)/𝑇 𝑓𝜈 ?¯?𝜈 𝑑
3𝑞
(2𝜋)3
.
(8)
Here, 𝑞𝜇 = (𝜔,q) and 𝑞𝜇 = (?¯?, q¯) are the neutrino and
antineutrino 4-momenta, 𝛿𝜇 = 𝜇𝑒+𝜇𝑝−𝜇𝑛, 𝜇𝑒, 𝜇𝑝 and 𝜇𝑛
are the chemical potentials of electrons, protons and neu-
trons, respectively, 𝑇 is the matter temperature, 𝑓𝜈 and
𝑓𝜈 are the neutrino and antineutrino distribution func-
tions. Throughout the paper, we use the system of units
in which ~ = 𝑐 = 𝑘B = 1. Hereafter, parameters with
the bar correspond to antiparticles — antineutrinos and
positrons. Upper indices in 𝛤 (𝑖) and 𝒫(𝑖)𝜇 indicate the
𝛽-process from the set (1)-(4).
The emissivities for neutrinos, 𝒦𝜈 , and antineutri-
nos, 𝒦𝜈 , were obtained in Ref. [28] for the case of non-
degenerate protons and moderately degenerate electron-
positron plasma. We consider an ultra-relativistic
electron-positron plasma, therefore, neutrino and an-
tineutrino emissivities can be written as follows:
𝒦𝜈 = 𝐺2𝑁𝑝𝑚2𝑒 𝑓𝑒(𝜔)𝛷(𝜔/𝑚𝑒, 𝑏, 𝜗),
𝒦𝜈 = 𝐺2𝑁𝑛𝑚2𝑒 𝑓𝑒(?¯?)𝛷(?¯?/𝑚𝑒, 𝑏, 𝜗) .
(9)
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FIG. 1. Definitions of vectors and angles used in the analysis.
Here, n𝐵 = B/𝐵 is the unit vector along the magnetic-field
strength, n𝑅 specifies the star radial direction, q is the neu-
trino momentum. The angles 𝛽, 𝜃 and 𝜗 between the vectors
and the polar angle 𝜙 are also shown.
In addition, we assume that neutrons are non-degenerate
too, and, therefore, number densities 𝑁𝑛 and 𝑁𝑝 of nu-
cleons in Eq. (9) are connected as:
𝑁𝑛 = 𝑁𝑝 exp[(𝜇𝑒 − 𝛿𝜇)/𝑇 ] . (10)
Here, 𝑚𝑒 is the electron mass, 𝑓𝑒 and 𝑓𝑒 are the Fermi-
Dirac distribution functions for electrons and positrons,
𝛷(𝑥, 𝑏, 𝜗) = 𝑏
[︀
Θ(𝑥− 1)−Θ(𝑥−√1 + 2𝑏)]︀
+2𝑥2Θ(𝑥−√1 + 2𝑏)− 𝑔𝑣𝑎𝑏 cos𝜗Θ(𝑥− 1) ,
(11)
where Θ(𝑥) is the Heaviside step function, 𝑏 = 𝐵/𝐵𝑒 is
the reduced magnetic field strength written in terms of
critical Schwinger value, 𝐵𝑒 = 𝑚
2
𝑒/𝑒 ≃ 4.41 × 1013 G,
𝜗(𝜗) is the angle between the neutrino (antineutrino)
momentum and the magnetic field direction, as shown
in Fig. 1, 𝐺2 = 𝐺2𝐹 cos
2 𝜃𝑐 (𝑔
2
𝑣 + 3𝑔
2
𝑎)/(2𝜋), where 𝑔𝑣 and
𝑔𝑎 are the vector and axial constants entering the nucleon
charged current, 𝜃𝑐 is the Cabibbo angle, 𝐺𝐹 is the Fermi
constant, and 𝑔𝑣𝑎 = (𝑔
2
𝑎 − 𝑔2𝑣)/(3𝑔2𝑎 + 𝑔2𝑣).
The neutrino 𝑓𝜈 and antineutrino 𝑓𝜈 distribution func-
tions introduced in Eqs. (5)–(8) are non-equilibrium.
They are normalized on the local neutrino 𝑁𝜈 and an-
tineutrino ?¯?𝜈 number densities as follows:
𝑁𝜈 =
∫︁
𝑓𝜈
𝑑3𝑞
(2𝜋)3
, ?¯?𝜈 =
∫︁
𝑓𝜈
𝑑3𝑞
(2𝜋)3
. (12)
We assume that 𝑓𝜈 and 𝑓𝜈 are spherically symmetric with
the origin in the supernova center, neglecting a mag-
netic field and stellar rotation dependence on the neu-
3trino propagation. It is useful to introduce angular mo-
ments:
𝜒𝑛 ≡ ⟨𝜒𝑛⟩ = 𝑁−1𝜈
∫︁
𝜒𝑛 𝑓𝜈
𝑑3𝑞
(2𝜋)3
, (13)
?¯?𝑛 ≡ ⟨?¯?𝑛⟩ = ?¯?−1𝜈
∫︁
?¯?𝑛 𝑓𝜈
𝑑3𝑞
(2𝜋)3
, (14)
where 𝜒 = cos 𝜃, ?¯? = cos 𝜃, 𝜃 and 𝜃 are the angles be-
tween the neutrino and antineutrino momenta and radial
direction, respectively (for neutrino see Fig. 1).
It is convenient also to introduce energy moments:
𝜔𝑛 ≡ ⟨𝜔𝑛⟩ = 𝑁−1𝜈
∫︁
𝜔𝑛𝑓𝜈
𝑑3𝑞
(2𝜋)3
, (15)
?¯?𝑛 ≡ ⟨?¯?𝑛⟩ = ?¯?−1𝜈
∫︁
?¯?𝑛 𝑓𝜈
𝑑3𝑞
(2𝜋)3
. (16)
Energy parts of distribution functions can be approxi-
mated by the gamma-distribution, also called “𝛼-fit” [30]:
𝜔2𝑓𝜈 ∼ (𝜔/𝜔1)𝛼−1 𝑒−𝛼 (𝜔/𝜔1), (17)
where 𝜔1 = ⟨𝜔⟩ is its averaged energy and 𝛼 is the pinch-
ing parameter:
𝛼 =
𝜔21
𝜔2 − 𝜔21
, (18)
depending on the second energy moment 𝜔2 (15). The
notations ?¯?, ?¯?1 and ?¯?2 are used for antineutrinos.
Despite electrons and positrons are termalized in the
magnetized medium, unmagnetized number densities of
these particles are more convenient in applications:
𝑁0 =
1
𝜋2
∞∫︁
0
𝑓𝑒(𝜀) 𝜀
2𝑑𝜀, ?¯?0 =
1
𝜋2
∞∫︁
0
𝑓𝑒(𝜀) 𝜀
2𝑑𝜀 , (19)
where 𝜀 and 𝜀 are the electron and positron energies,
respectively.
The distribution functions of ultra-relativistic elec-
trons 𝑓𝑒 and positrons 𝑓𝑒 can be approximated like
in (17). The averages of electron energy 𝜀1 and its
squared 𝜀2 and the corresponding pinching parameter 𝑠
entering the distribution are functions of the electron
chemical potential 𝜇𝑒 and matter temperature 𝑇 . The
quantities 𝜀1, 𝜀2, and 𝑠 are used for positrons.
It is convenient to define the ratios 𝛾 = 𝜀1/𝜔1 of the
electron and neutrino averaged energies and 𝛾 = 𝜀1/?¯?1
for positrons and antineutrinos as well as 𝛾𝑡 = 𝜀1/𝑇 and
𝛾𝑡 = 𝜀1/𝑇 , being the electron and positron averaged en-
ergies in units of the temperature.
Due to the symmetry assumed, calculations are carried
out in the spherical coordinate system shown in Fig. 1, in
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FIG. 2. The proto-neutron star (PNS) of radius 𝑅𝑃𝑁𝑆 and
momentum ℱ transferred from neutrinos and antineutrinos
to the matter at the point 𝑀 , being at the distance 𝑅 from
the PNS center. n𝑅 and n𝐵 are unit vectors in the radial
direction from the PNS center and along the magnetic field
strength, respectively.
which n𝑅 is the unit vector in the star radial direction,
n𝐵 = B/𝐵 is the unit vector along the magnetic field
strength, and (n𝐵n𝑅) = cos𝛽.
For the reaction rates, we have
𝛤 (1) = 𝐺2𝑁𝑝𝑁0 𝜀
2
1 𝑠
𝑠 Γ−1(𝑠)
× [︀𝐼𝑠−1,𝑠(𝜀1, 𝑏)− 𝑛𝜈 𝐼𝑠+𝛼−4,𝑠+𝛾𝛼(𝜀1, 𝑏)
+ 𝑔𝑣𝑎 cos𝛽 𝜒1 𝑛𝜈 𝐽𝑠+𝛼−4,𝑠+𝛾𝛼(𝜀1, 𝑏)
]︀
,
(20)
𝛤 (2) = 𝐺2𝑁𝑛𝑁0 𝜀
2
1 𝑒
−𝜏 𝑠𝑠 Γ−1(𝑠)
× [︀𝑛𝜈 𝐼𝑠+𝛼−4,𝑠+𝛾𝛼−𝛾𝑡(𝜀1, 𝑏)
− 𝑔𝑣𝑎 cos𝛽 𝜒1 𝑛𝜈 𝐽𝑠+𝛼−4,𝑠+𝛾𝛼−𝛾𝑡(𝜀1, 𝑏)
]︀
,
(21)
𝛤 (3) = 𝐺2𝑁𝑛?¯?0 𝜀
2
1 𝑠
𝑠 Γ−1(𝑠)
× [︀𝐼𝑠−1,𝑠(𝜀, 𝑏)− ?¯?𝜈 𝐼𝑠+?¯?−4,𝑠+𝛾?¯?(𝜀, 𝑏)
+ 𝑔𝑣𝑎 cos𝛽 ?¯?1 ?¯?𝜈 𝐽𝑠+?¯?−4,𝑠+𝛾?¯?(𝜀, 𝑏)
]︀
,
(22)
𝛤 (4) = 𝐺2𝑁𝑝?¯?0 𝜀
2
1 𝑒
𝜏 𝑠𝑠 Γ−1(𝑠)
× [︀?¯?𝜈 𝐼𝑠+?¯?−4,𝑠+𝛾?¯?−𝛾𝑡(𝜀, 𝑏)
− 𝑔𝑣𝑎 cos𝛽 ?¯?1 ?¯?𝜈 𝐽𝑠+?¯?−4,𝑠+𝛾?¯?−𝛾𝑡(𝜀, 𝑏)
]︀
,
(23)
4and the energies 𝑄(𝑖) = 𝒫(𝑖) 0 transferred from neutrino
and antineutrino to the matter are
𝑄(1) = 𝐺2𝑁𝑝𝑁0 𝜀
3
1 𝑠
𝑠 Γ−1(𝑠)
× [︀𝑛𝜈 𝐼𝑠+𝛼−3,𝑠+𝛾𝛼(𝜀1, 𝑏)− 𝐼𝑠,𝑠(𝜀1, 𝑏)
− 𝑔𝑣𝑎 cos𝛽 𝜒1 𝑛𝜈 𝐽𝑠+𝛼−3,𝑠+𝛾𝛼(𝜀1, 𝑏)
]︀
,
(24)
𝑄(2) = 𝐺2𝑁𝑛𝑁0 𝜀
3
1 𝑒
−𝜏 𝑠𝑠 Γ−1(𝑠)
× [︀𝑛𝜈 𝐼𝑠+𝛼−3,𝑠+𝛾𝛼−𝛾𝑡(𝜀1, 𝑏)
− 𝑔𝑣𝑎 cos𝛽 𝜒1 𝑛𝜈 𝐽𝑠+𝛼−3,𝑠+𝛾𝛼−𝛾𝑡(𝜀1, 𝑏)
]︀
,
(25)
𝑄(3) = 𝐺2𝑁𝑛?¯?0 𝜀
3
1 𝑠
𝑠 Γ−1(𝑠)
× [︀?¯?𝜈 𝐼𝑠+?¯?−3,𝑠+𝛾?¯?(𝜀1, 𝑏)− 𝐼𝑠,𝑠(𝜀1, 𝑏)
− 𝑔𝑣𝑎 cos𝛽 ?¯?1 ?¯?𝜈 𝐽𝑠+?¯?−3,𝑠+𝛾?¯?(𝜀1, 𝑏)
]︀
,
(26)
𝑄(4) = 𝐺2𝑁𝑝?¯?0 𝜀
3
1 𝑒
𝜏 𝑠𝑠 Γ−1(𝑠)
× [︀?¯?𝜈 𝐼𝑠+?¯?−3,𝑠+𝛾?¯?−𝛾𝑡(𝜀1, 𝑏)
− 𝑔𝑣𝑎 cos𝛽 ?¯?1 ?¯?𝜈 𝐽𝑠+?¯?−3,𝑠+𝛾?¯?−𝛾𝑡(𝜀1, 𝑏)
]︀
.
(27)
Here, 𝜏 = 𝜇𝑒/𝑇 , Γ(𝑥, 𝑦) is the incomplete Gamma-
function [31], Γ(𝑥) = Γ(𝑥, 0). The dimensionless neutrino
and antineutrino number densities are defined as follows:
𝑛𝜈 = 2𝜋
2 (𝛼𝛾)
𝛼
Γ(𝛼)
𝑁𝜈
𝜀31
, ?¯?𝜈 = 2𝜋
2 (?¯?𝛾)
?¯?
Γ(?¯?)
?¯?𝜈
𝜀31
. (28)
The momentum ℱ (𝑖) = (𝒫(𝑖) 1,𝒫(𝑖) 2,𝒫(𝑖) 3) trans-
ferred from neutrinos and antineutrinos to the matter can
be decomposed into two components ℱ (𝑖) = ℱ (𝑖)𝐵 n𝐵 +
ℱ (𝑖)𝑟 n𝑅 as shown in Fig. 2.
Momenta transferred along the magnetic-field strength
vector, ℱ (𝑖)𝐵 , can be presented in the form:
ℱ (1)𝐵 = (𝑔𝑣𝑎/3)𝐺2𝑁𝑝𝑁0 𝜀31 𝑠𝑠 Γ−1(𝑠)
[︀
𝐽𝑠,𝑠(𝜀1, 𝑏)
+ (3/2) (𝜒2 − 1)𝑛𝜈 𝐽𝑠+𝛼−3,𝑠+𝛾𝛼(𝜀1, 𝑏)
]︀
,
(29)
ℱ (2)𝐵 = (𝑔𝑣𝑎/2)𝐺2𝑁𝑛𝑁0 𝜀31 𝑒−𝜏 𝑠𝑠 Γ−1(𝑠)
× (𝜒2 − 1)𝑛𝜈 𝐽𝑠+𝛼−3,𝑠+𝛾𝛼−𝛾𝑡(𝜀1, 𝑏),
(30)
ℱ (3)𝐵 = (𝑔𝑣𝑎/3)𝐺2𝑁𝑛?¯?0 𝜀31 𝑠𝑠 Γ−1(𝑠)
[︀
𝐽𝑠,𝑠(𝜀1, 𝑏)
+ (3/2) (?¯?2 − 1) ?¯?𝜈 𝐽𝑠+?¯?−3,𝑠+𝛾?¯?(𝜀1, 𝑏)
]︀
,
(31)
ℱ (4)𝐵 = (𝑔𝑣𝑎/2)𝐺2𝑁𝑝?¯?0 𝜀31 𝑒𝜏 𝑠𝑠 Γ−1(𝑠)
× (?¯?2 − 1) ?¯?𝜈 𝐽𝑠+?¯?−3,𝑠+𝛾?¯?−𝛾𝑡(𝜀1, 𝑏).
(32)
In the radial direction, ℱ (𝑖)𝑟 are as follows:
ℱ (1)𝑟 = 𝐺2𝑁𝑝𝑁0 𝑛𝜈 𝜀31 𝑠𝑠 Γ−1(𝑠) (33)
× [︀(𝑔𝑣𝑎/2) cos𝛽(1− 3𝜒2) 𝐽𝑠+𝛼−3,𝑠+𝛾𝛼(𝜀1, 𝑏)
+ 𝜒1 𝐼𝑠+𝛼−3,𝑠+𝛾𝛼(𝜀1, 𝑏)
]︀
,
ℱ (2)𝑟 = 𝐺2𝑁𝑛𝑁0 𝑛𝜈 𝜀31 𝑒−𝜏 𝑠𝑠 Γ−1(𝑠) (34)
× [︀(𝑔𝑣𝑎/2) cos𝛽(1− 3𝜒2) 𝐽𝑠+𝛼−3,𝑠+𝛾𝛼−𝛾𝑡(𝜀1, 𝑏)
+ 𝜒1 𝐼𝑠+𝛼−3,𝑠+𝛾𝛼−𝛾𝑡(𝜀1, 𝑏)
]︀
,
ℱ (3)𝑟 = 𝐺2𝑁𝑛?¯?0 ?¯?𝜈 𝜀31 𝑠𝑠 Γ−1(𝑠) (35)
× [︀(𝑔𝑣𝑎/2) cos𝛽(1− 3?¯?2) 𝐽𝑠+?¯?−3,𝑠+𝛾?¯?(𝜀1, 𝑏)
+ ?¯?1 𝐼𝑠+?¯?−3,𝑠+𝛾?¯?(𝜀1, 𝑏)
]︀
,
ℱ (4)𝑟 = 𝐺2𝑁𝑝?¯?0 ?¯?𝜈 𝜀31 𝑒𝜏 𝑠𝑠 Γ−1(𝑠) (36)
× [︀(𝑔𝑣𝑎/2) cos𝛽(1− 3?¯?2) 𝐽𝑠+?¯?−3,𝑠+𝛾?¯?−𝛾𝑡(𝜀1, 𝑏)
+ ?¯?1 𝐼𝑠+?¯?−3,𝑠+𝛾?¯?−𝛾𝑡(𝜀1, 𝑏)
]︀
.
The magnetic-field dependence enters the rates, ener-
gies and momenta above only through the functions:
𝐼𝑘,κ(𝜀1, 𝑏) = κ−𝑘−3 Γ(𝑘 + 3,κ 𝑧𝑏)
+ κ−𝑘−1
𝑏𝑚2𝑒
2𝜀21
[︁
Γ(𝑘 + 1)− Γ(𝑘 + 1,κ 𝑧𝑏)
]︁
,
(37)
𝐽𝑘,κ(𝜀1, 𝑏) = κ−𝑘−1
𝑏𝑚2𝑒
2𝜀21
Γ(𝑘 + 1), (38)
where 𝑧𝑏 = (𝑚𝑒/𝜀1)
√
1 + 2𝑏. These functions are dis-
cussed in details in Appendix. In particular, a significant
modification of the functions 𝐼𝑘,κ(𝜀1, 𝑏) and 𝐽𝑘,κ(𝜀1, 𝑏) by
the magnetic field can be only expected at 𝐵 ≫ 𝐵𝑒 and
the dependence of these functions on the magnetic field
strength is defined through the dimensionless parameters
𝜂 = κ (𝑚𝑒/𝜀1)
√
2𝑏 , 𝜂 = κ¯ (𝑚𝑒/𝜀1)
√
2𝑏 (39)
for neutrinos and antineutrinos, respectively. As follows
from these definitions, these parameters increase with a
growth of the magnetic field strength and the degener-
acy of leptons while the increase of average energy of
electron-positron plasma reduces their values. We are
unable explicitly predict the values of 𝜂 and 𝜂 as these
quantities, in addition to the field strength, are implic-
itly dependent on the distance from the PNS center and
evolve in time. A combine effect is difficult to determine
without numerical estimations.
Note that Eq. (20)–(36) are valid for the magnetic field
of an arbitrary, physically motivated strength. It turns
out that a dependence on the magnetic field and its spa-
tial configuration is sufficiently simple. Indeed, due to
the symmetry of the problem, only the reduced mag-
netic field strength, 𝑏 = 𝐵/𝐵𝑒, and its relative direction
through cos𝛽, enter Eqs. (20)–(36).
To have a matter transparent for neutrinos, it is nec-
essary to put 𝑛𝜈 = ?¯?𝜈 = 0. In this case, all the ra-
dial components ℱ (𝑖)𝑟 of the momentum transferred van-
ish. The momenta ℱ (𝑖)𝐵 along the magnetic-field strength
vector, reaction rates 𝛤 (𝑖) and energies 𝑄(𝑖) for the pro-
cesses with the neutrino emission coincide with ones in
Ref. [28], when the approximation (17) for the distribu-
tion functions of electrons and positrons is not used.
5III. NUMERICAL RESULTS
It is easy to see that analytical results (20)-(36) de-
pend on different parameters of matter and neutrino
radiation, such as, the electron chemical potential 𝜇𝑒,
temperature 𝑇 , unmagnetized number densities of pro-
tons 𝑁𝑝 and neutrons 𝑁𝑛, neutrino 𝑁𝜈 and antineu-
trino ?¯?𝜈 number densities, the first two angular moments
of neutrino 𝜒1,2 and antineutrino ?¯?1,2, the first two en-
ergy moments of neutrino 𝜔1,2 and antineutrino ?¯?1,2.
It is possible to fix their values by using the data pro-
vided by numerical simulations. For this purpose we use
the results of the 1D PROMETHEUS-VERTEX simu-
lations [29]. In this analysis the mass of SN progenitor
is equal to 27 𝑀⊙ and the final neutron star has the
baryonic mass 1.76 𝑀⊙. Note that data for 1.76 𝑀⊙
neutron star are representative and reproduce the results
of modeling for other masses of SN progenitors. These
simulations do not take into account the influence of the
magnetic field. Thus, we assume that the magnetic-field
influence on both neutrino and matter parameters is in-
significant. Based on the data available, it is possible to
reduce the existing number of parameters to two only:
the distance 𝑅 from the PNS center and the time 𝑡 after
a bounce. The other two parameters in our problem are
the magnetic field strength 𝐵 and angle 𝛽 between the
radius-vector and field direction.
As follows from simulations, assumptions about non-
degeneracy of the nucleon matter and moderate degen-
eracy of electrons are valid outside the proto-neutron
star, i.e. above a sphere of the radius 𝑅 ∼ 16 km. It
should be noted that inside this sphere neutrinos are
in the thermodynamic equilibrium with the SN matter,
therefore, neutrinos do not affect a matter in this re-
gion because the processes of the neutrino absorption
and emission are compensated each other. It follows from
the simulations [29] that the electron-positron plasma is
no longer ultra-relativistic in the supernova outer part,
at 𝑅 & 600 km. Note that in this region, a neutrino
flux sufficiently decreases and the neutrino interaction
with the matter becomes ineffective. Hence, Eqs. (20)–
(36) are valid in the supernova region where neutrinos
can affect the matter and influence on the supernova dy-
namics. Combining together, we determine the spherical
layer bounded by two homocentric spheres with the radii
𝑅1 = 16 km and 𝑅2 = 600 km, in which our analysis is
performed.
A. Gain radius
A spherical boundary between neutrino cooling and
heating layers in supernova, where 𝑄(1) +𝑄(2) +𝑄(3) +
𝑄(4) = 0, has a radius 𝑅𝑔𝑎𝑖𝑛, called the gain ra-
dius. In Fig. 3, we compare a temporal evolution of
𝑅𝑔𝑎𝑖𝑛(𝐵 = 0) for the matter without the field, obtained
by analytical calculations, with the gain radius 𝑅𝑃𝑉𝑔𝑎𝑖𝑛
from PROMETHEUS-VERTEX simulations [29]. The
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FIG. 3. The deviation of a gain radius 𝑅𝑔𝑎𝑖𝑛(𝐵 = 0) for a
matter without the magnetic field, obtained by analytical cal-
culations, from the gain radius 𝑅𝑃𝑉𝑔𝑎𝑖𝑛 from PROMETHEUS-
VERTEX simulations [29].
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FIG. 4. The deviation of a gain radius 𝑅𝑔𝑎𝑖𝑛(𝐵) in the pres-
ence of the magnetic field with cos𝛽 = 1 from an unmagne-
tized one. Magnetic field strengths are 𝐵 = 1015 G (blue line)
and 𝐵 = 1016 G (green line).
deviation of our results from the numerical ones is less
than 8%. This difference is due to other, non-URCA,
processes with neutrinos and antineutrinos included in
the numerical code. The gain radius obtained by us is
from the requirement of vanishing the total energy of
𝛽-processes only. This analysis can be considered as a
consistency check of the approach developed here and
numerical simulations [29].
An influence of the magnetic field on the gain radius,
𝑅𝑔𝑎𝑖𝑛, is shown in Fig. 4. To be definite, we use the
magnetic-field configuration with cos𝛽 = 1 in our anal-
ysis but the result obtained remains the same for other
configurations as well. The maximal deviation from the
unmagnetized case is limited by 2% for the magnetic field
strength 𝐵 = 1016 G. It should be noted that such a mag-
netic field strength is difficult to reach in supernova sim-
ulations. Thus, the analysis of a magnetic-field influence
on 𝛽-processes below is performed for 𝐵 = 1015 G, which
is more realistic for supernova conditions. Note that con-
figurations of the magnetic field following from supernova
simulations are quite different and strongly depend on a
lot of parameters. In calculations presented here, we re-
strict ourselves with a constant magnetic field, having a
6fixed direction to the star radius, i. e. the fixed angle 𝛽.
B. Total reaction rate and energy
The reaction rates of beta-processes (20)–(23) deter-
mine the chemical composition of a supernova matter.
As a quantity characterizing the influence of these pro-
cesses on the matter, we consider the proton-to-neutron
transition rate:
𝛤 (𝐵, cos𝛽) = 𝛤𝑝→𝑛 = 𝛤 (1) − 𝛤 (2) − 𝛤 (3) + 𝛤 (4). (40)
The relative deviations of 𝛤 (𝐵, cos𝛽) from the ref-
erence value 𝛤 (0, 0) in dependence on the distance 𝑅
(in km) from the PNS center for several values of time
(𝑡 = 0.1, 0.5, 1.5, 4.0, 5.5, 10, 13 sec) and three direc-
tions of the magnetic field (cos𝛽 = −1, 0, 1) are presented
in Fig. 5. The dashed parts of the lines correspond to
supernova regions where the electron-positron plasma is
no longer ultrarelativistic. As seen in Fig. 5, the mag-
netic field affects significantly the reaction rates of the
proton-to-neutron transition in dashed regions only, so
one should perform corresponding calculations differently
there.
In addition, the influence of the magnetic field becomes
more pronounced at early and later times after a bounce.
Apparently, such a behavior is connected with the low-
temperature region in the pre-shock environment and at
the end of the neutrino cooling phase. Nevertheless, even
for these times, the modification of the proton-to-neutron
transition rate by the magnetic field reaches several per-
cents only. Moreover, the magnetic field suppresses the
neutron production in comparison with the unmagne-
tized case. Note also that the magnetic field configu-
ration can also affect the proton-to-neutron transition.
The other important for supernova modeling quantity
is the energy transferred from neutrinos and antineutri-
nos to the matter. For 𝛽-processes, it has the form
𝑄(𝐵, cos𝛽) = 𝑄(1) +𝑄(2) +𝑄(3) +𝑄(4). (41)
The relative deviations of the total energy, calculated
in the presence of a magnetic field, from its represen-
tative value 𝑄(0, 0), corresponding to the unmagnetized
matter, for several values of the time (𝑡 = 0.1, 0.5, 1.5,
4.0, 5.5, 10, 13 sec) and three directions of the magnetic
field (cos𝛽 = −1, 0, 1) are shown in Fig. 6. The spikes
are related with the gain radius where the total energy
𝑄(𝐵, cos𝛽) goes through zero and changes its sign.
As seen in Figs. 5 and 6, the character of the magnetic
field influence on the matter heating has similarities with
the reaction rates. Note that the magnetic field can in-
crease the matter heating which is important for the ex-
plosion mechanism, but numerically this effect is small
and, at most, reaches one percent only.
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FIG. 5. The relative deviation of the proton-to-neutron re-
action rate of beta-processes in the magnetic field from the
unmagnetized case as a function of distance 𝑅 from the PNS
center for several values of time and different directions of
magnetic field. Configurations of magnetic field are cos𝛽 =
−1 (top panel), cos𝛽 = 0 (middle panel) and cos𝛽 = 1 (bot-
tom panel). Red lines: 𝑡 = 0.1 sec; orange: 𝑡 = 0.5 sec;
yellow: 𝑡 = 1.5 sec; green: 𝑡 = 4 sec; cyan: 𝑡 = 5.5 sec; blue:
𝑡 = 10 sec; violet: 𝑡 = 13 sec.
C. Total momentum
The total momentum transferred from neutrinos and
antineutrinos to the matter has the form
ℱ = ℱ (1) +ℱ (2) +ℱ (3) +ℱ (4) . (42)
Each vector can be presented as the sum
ℱ (𝑖) = ℱ (𝑖)𝐵 n𝐵 + ℱ (𝑖)𝑟 n𝑅 . (43)
The radial component, ℱ (𝑖)𝑟 , is determined by the radial
asymmetry of the neutrino and antineutrino distribution
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FIG. 6. The relative deviation of the total energy transferred
from neutrinos and antineutrinos to the matter. The legend
is the same as in Fig. 5.
functions, therefore, it vanishes in the matter transpar-
ent for neutrino radiation. The component ℱ (𝑖)𝐵 along
the magnetic field direction is originated by the asym-
metry of neutrino emission and absorption caused by the
magnetic field, and it is absent in the unmagnetized mat-
ter. As shown in Fig. 7, ℱ𝑟 dominates over ℱ𝐵 in the
supernova matter. The most sizable effects of ℱ𝐵 are
during the first few seconds after a bounce in the vicinity
of a proto-neutron star surface. Despite ℱ𝐵 is relatively
small, it can modify the supernova dynamics, namely, it
causes an additional non-radial motion of the supernova
matter. In particular, for a toroidal configuration of mag-
netic field, ℱ𝐵 contributes into a supernova rotation. In
Fig. 8, we present the relative deviation of the total radial
momentum, ℱ𝑟(𝐵, cos𝛽), transferred from neutrinos and
antineutrinos to the matter in the presence of magnetic
field, from its representative value ℱ𝑟(0, 0), correspond-
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FIG. 7. The total momentum projection along the field,
ℱ𝐵(𝐵), compared with the momentum projection ℱ𝑟(0, 0) on
the radial direction. The legend is the same as in Fig. 5.
ing to the unmagnetized matter, for several values of time
(𝑡 = 0.1, 0.5, 1.5, 4.0, 5.5, 10, 13 sec) and different di-
rections of the magnetic field (cos𝛽 = −1, 0, 1). When
ℱ𝑟(𝐵, cos𝛽) is negative, the momentum transferred from
neutrinos and antineutrinos to the matter in the radial
direction is suppressed by the magnetic field. In general,
this is a problem for the explosion mechanism which re-
quires an increase of the matter heating and motion of
the matter outwards.
IV. CONCLUSIONS
An influence of a magnetic field on beta-processes is
investigated under conditions of the core-collapse super-
nova. The beta-processes are the dominant channels of
the energy exchange between neutrinos and a supernova
matter. For study the influence of the magnetic field
on the beta-processes, one should consider macroscopic
quantities like reaction rates as well as the energy and
momentum transferred from neutrinos and antineutri-
nos to the matter. We obtain simple analytical expres-
sions for these quantities for any realistic magnetic field
strength known or believed to exist in astrophysical ob-
jects. Our results reproduce the ones calculated earlier
for an unmagnetized matter and for a magnetized matter
transparent for neutrinos and antineutrinos. The matter
parameters used in this analysis correspond to the con-
ditions of the supernova region where neutrino can affect
the matter and influence a supernova dynamics. The
results obtained are applicable for different astrophysi-
cal objects, for example, for accretion discs formed at a
merger of compact objects in close binary systems.
The magnetic field strength enters the reaction rates
and other quantities calculated for the beta-processes
through the dimensionless parameters defined in (39).
In addition to the strength, they also include the mat-
ter parameters – the average energy of electron-positron
plasma and degree of the lepton degeneracy. These pa-
rameters 𝜂 and 𝜂 increase with a growth of the magnetic
field strength and the degeneracy of leptons while the
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FIG. 8. The relative deviation of the radial component,
ℱ𝑟(𝐵, cos𝛽), of the total momentum transferred from neutri-
nos and antineutrinos to the matter from its representative
value ℱ𝑟(0, 0), corresponding to the unmagnetized matter.
The legend is the same as in Fig. 5.
increase of average energy of electron-positron plasma
reduces their values.
Theoretical expressions depend on too many parame-
ters characterizing a matter and neutrino radiation, and
this makes a problem to be quite involve for study. Likely,
it is possible to fix some of them by using the data from
numerical simulations. For this purpose we have used
the results of the 1D PROMETHEUS-VERTEX simu-
lations [29]. Based on the data available, it is possi-
ble to reduce the existing number of parameters to two
only: the distance from the PNS center and time after a
bounce. Because the 1D PROMETHEUS-VERTEX sim-
ulations [29] do not take into account the influence of the
magnetic field, the other two parameters of the problem
are the magnetic field strength and angle between the
radius-vector and field direction. Our numerical analy-
sis confirms that the influence of the magnetic field on
the matter and neutrino parameters is insignificant. So,
it is a reasonable assumption to utilize the parameters
from the 1D PROMETHEUS-VERTEX simulation for
study magnetic field effects. Namely, we get that in the
magnetic field with the strength 𝐵 ∼ 1015 G, super-
nova matter modifications caused by neutrinos are, at
most, several percents only. And, as a consequence, the
magnetic-field effects can be safely neglected, considering
neutrino interaction and propagation in a supernova mat-
ter. Note that both the magnetic field strength and its
configuration (the angle between the radius-vector and
field direction) in beta-processes result a comparable ef-
fect.
Numerical analysis of the magnetic-field influence on
the chemical composition of a matter and matter heat-
ing shows that this influence is more pronounced at early
times after a bounce, when a shock wave stagnates, and
more later times, when supernova has already cooled
down through neutrino radiation. The magnetic field
can both suppresses and stimulates the matter heating
through the beta-processes in difference to the unmagne-
tized matter. The presence of magnetic field results into
decrease of the reaction rates responsible for the matter
chemical composition and, as a consequence, a neutron
production is suppressed by the magnetic field.
The momentum transferred from neutrinos and an-
tineutrinos to the matter can be decomposed into two
components. The first one ℱ𝑟 is connected with partially
transparent for neutrino matter, while the second one
ℱ𝐵 is determined by the asymmetry of neutrino emission
and absorption caused by the magnetic field. As analysis
shown, the radial component, ℱ𝑟, is always suppressed by
the magnetic field, and this suppression grows with time.
The ℱ𝐵 component is smaller than ℱ𝑟 and reaches the
largest values during the first few seconds after a bounce
in the vicinity of a protoneutron star surface. Despite
ℱ𝐵 is relatively small, it can modify the supernova dy-
namics, namely, it causes an additional non-radial mo-
tion of the supernova matter. In particular, it leads to
rotational acceleration of the matter in the region with
toroidal magnetic field.
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FIG. 9. The ratio 𝜙𝑘(𝜂)/𝜙𝑘(𝜂 = 0). Dotted line: 𝑘 = 3.
Dashed line: 𝑘 = 4. Solid line: 𝑘 = 5.
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FIG. 10. The ratio 𝜓𝑘(𝜂)/𝜙𝑘(𝜂). Dotted line: 𝑘 = 3. Dashed
line: 𝑘 = 4. Solid line: 𝑘 = 5.
Appendix A: Properties of 𝐼𝑘,κ and 𝐽𝑘,κ
We consider properties of the functions 𝐼𝑘,κ(𝜀1, 𝑏) and
𝐽𝑘,κ(𝜀1, 𝑏) introduced in Eqs. (37) and (38), respectively,
which absorb an information about the magnetic field
strength. At 𝑏 ≫ 1 (𝐵 ≫ 𝐵𝑒), they are substantially
simplified:
𝐼𝑘,κ(𝜀1, 𝑏) ≈κ−𝑘−3 𝜙𝑘(𝜂) = κ−𝑘−3
{︁
Γ(𝑘 + 3, 𝜂)
+ (𝜂2/4)
[︁
Γ(𝑘 + 1)− Γ(𝑘 + 1, 𝜂)
]︁}︁
,
(A1)
𝐽𝑘,κ(𝜀1, 𝑏) ≈κ−𝑘−3 𝜓𝑘(𝜂) = κ−𝑘−3 (𝜂2/4) Γ(𝑘 + 1).
(A2)
In this limit, the magnetic field strength is entering
through the parameter 𝜂 = κ (𝑚𝑒/𝜀1)
√
2𝑏 (the same one
exists for the antineutrino, 𝜂 = κ¯ (𝑚𝑒/𝜀1)
√
2𝑏).
As analysis shown, parameters 𝑘 and κ increase with
a degeneracy of electrons and neutrinos. There are two
opposite effects of the matter influence on 𝜂. From one
side, 𝜂 is suppressed by the ratio 𝑚𝑒/𝜀1, therefore, in the
magnetic field with a fixed strength, an ultrarelativis-
tic matter decreases the influence of magnetic field on
beta-processes. From other side, when leptons become
more degenerate, parameter κ grows up. Hence, in the
magnetic field with a fixed strength, the influence of the
magnetic field on beta-processes is enhanced. For 𝜂, the
same arguments are applied.
In addition, due to the matter electroneutrality,
positrons remain non-degenerate everywhere in the su-
pernova. In inner parts of the supernova electrons be-
come degenerate and, hence, in these regions the influ-
ence of the magnetic field on the beta-processes (1) and
(2) with participating of neutrinos is more significant
then on the processes (3) and (4) with antineutrinos.
Note that these conclusions coincide with the results of
Ref. [28] obtained for beta-processes in a matter trans-
parent for neutrinos and antineutrinos.
In Fig. 9, we plot the function 𝜙𝑘(𝜂) (A1) normal-
ized to the reference value 𝜙𝑘(𝜂 = 0) in dependence on
the parameter 𝜂 for several typical values of 𝑘 = 3, 4, 5.
This function has a minimum and, when the value of 𝑘
increases, the minimum moves to larger values of 𝜂 and
becomes deeper. In Fig. 10, we present the ratio of the
functions 𝜓𝑘(𝜂) (A2) and 𝜙𝑘(𝜂) (A1) for fixed values of
𝑘 = 3, 4, 5. As seen from Fig. 10, the function 𝜙𝑘(𝜂)
reaches 𝜓𝑘(𝜂) asymptotically at 𝜂 ≫ 1, because in this
limit incomplete Gamma-functions Γ(𝑘, 𝜂) in (A1) be-
come negligibly small.
[1] S. A. Colgate and R. H. White, Astrophys. J. 143, 626
(1966).
[2] W. D. Arnett, Can. J. Phys. 44, 2553 (1966).
[3] M. Tanabashi et al. [Particle Data Group], Phys. Rev. D
98, 030001 (2018).
[4] S. W. Bruenn, Astrophys. J. Suppl. 58, 771 (1985).
[5] S. A. Olausen and V. M. Kaspi, Astrophys. J. Suppl.
212, 6 (2014) [arXiv:1309.4167 [astro-ph.HE]].
[6] D. Vigano`, N. Rea, J. A. Pons, R. Perna, D. N. Aguilera
and J. A. Miralles, Mon. Not. Roy. Astron. Soc. 434, 123
(2013) [arXiv:1306.2156 [astro-ph.SR]].
[7] A. Heger, S. E. Woosley and H. C. Spruit, Astrophys. J.
626, 350 (2005) [astro-ph/0409422].
[8] I. Peres, E. Sabach and N. Soker, Mon. Not. Roy. Astron.
Soc. 486, 1652 (2019) [arXiv:1812.08518 [astro-ph.HE]].
[9] Y. Kissin and C. Thompson, Astrophys. J. 862, 111
10
(2018) [arXiv:1705.07906 [astro-ph.SR]].
[10] G. S. Bisnovatyi-Kogan, Sov. Astron. 14, 652 (1971)
[11] G. S. Bisnovatyi-Kogan, S. G. Moiseenko and
N. V. Ardelyan, Phys. Atom. Nucl. 81, 266 (2018)
[Yad. Fiz. 81, 257 (2018)].
[12] M. Obergaulinger, O. Just and M. A. Aloy, J. Phys. G
45, 084001 (2018) [arXiv:1806.00393 [astro-ph.HE]].
[13] H. Sawai and S. Yamada, Astrophys. J. 817, 153 (2016)
[arXiv:1504.03035 [astro-ph.HE]].
[14] M. Obergaulinger, H.-T. Janka and M. A. Aloy, Mon.
Not. Roy. Astron. Soc. 445, 3169 (2014) [arXiv:1405.7466
[astro-ph.SR]].
[15] L. I. Korovina, Izv. Vyssh. Uchebn. Zaved., Fiz. 6, 86
(1964)
[16] L. Fassio-Canuto, Phys. Rev. 187, 2141 (1969).
[17] J. J. Matese and R. F. O’Connell, Phys. Rev. 180, 1289
(1969).
[18] D. Lai and Y. Z. Qian, Astrophys. J. 495, L103 (1998)
[astro-ph/9712043].
[19] E. Roulet, JHEP 9801, 013 (1998) [hep-ph/9711206].
[20] D. Lai and Y. Z. Qian, Astrophys. J. 505, 844 (1998)
[astro-ph/9802345].
[21] P. Arras and D. Lai, Phys. Rev. D 60, 043001 (1999)
[astro-ph/9811371].
[22] A. Goyal, Phys. Rev. D 59, 101301 (1999) [hep-
ph/9812473].
[23] A. A. Gvozdev and I. S. Ognev, JETP Lett. 69, 365
(1999) [astro-ph/9909154].
[24] A. A. Gvozdev and I. S. Ognev, J. Exp. Theor. Phys.
94, 1043 (2002) [Zh. Eksp. Teor. Fiz. 121, 1219 (2002)]
[astro-ph/0403011].
[25] K. Kotake, K. Sato, H. Sawai and S. Yamada, Astrophys.
J. 608, 391 (2004).
[26] H. Duan and Y. Z. Qian, Phys. Rev. D 69, 123004 (2004)
[astro-ph/0401634].
[27] H. Duan and Y. Z. Qian, Phys. Rev. D 72, 023005 (2005)
[astro-ph/0506033].
[28] I. S. Ognev, J. Exp. Theor. Phys. 123, 643 (2016) [Zh.
Eksp. Teor. Fiz. 123, 744 (2016)].
[29] L. Hu¨depohl, PhD thesis, Technische Univ. Mu¨nchen
(2014).
[30] M. T. Keil, G. G. Raffelt and H. T. Janka, Astrophys. J.
590, 971 (2003) [astro-ph/0208035].
[31] M. Abramowitz and I. Stegun, Handbook of Mathemati-
cal Functions: with Formulas, Graphs, and Mathematical
Tables (U.S. Government Printing Office, Washington,
1970).
